Abstract. In this article, we construct a new para-Kähler structure (G, J , Ω) in the space of oriented geodesics L(M ) in a non-flat, real space form M . We first show that the para-Kähler metric G is scalar flat and when M is a 3-dimensional real space form, G is locally conformally flat. Furthermore, we prove that the space of oriented geodesics in hyperbolic n-space, equipped with the constructed metric G, is minimally isometric embedded in the tangent bundle of the hyperbolic n-space. We then study the submanifold theory, and we show that G-geodesics correspond to minimal ruled surfaces in the real space form. Lagrangian submanifolds (with respect to the canonical symplectic structure Ω) play an important role in the geometry of the space of oriented geodesics as they are the Gauss map of hypersurfaces in the corresponding space form. We demonstrate that the Gauss map of a non-flat hypersurface of constant Gauss curvature is a minimal Lagrangian submanifold. Finally, we show that a Hamiltonian minimal submanifold is locally the Gauss map of a hypersurface Σ that is a critical point of the functional F (Σ) = Σ |K| dV , where K denotes the Gaussian curvature of Σ.
similar construction for the Hyperbolic 3-space S 3 (−1) was established by Georgiou and Guilfoyle in [4] . Then, in [1] , Anciaux used the fact that L(S n+1 (c)) is identified with the Grassmannian of oriented two-planes of R n+2 to extend this geometric construction for all non-flat real space forms. In particular, he showed that L(S n+1 (c)) admits a Kähler or a para-Kähler structure, where the metric (which will be denoted here by G e ) is Einstein and invariant under the isometry group of S n+1 (c). In the same work, Anciaux has proved that L(S 3 (c)) admits another Kähler or para-Kähler structure, such that its metric G 0 , is of neutral signature, locally conformally flat and is invariant under the isometry group of S 3 (c). The geometry derived by the metric G 0 has been studied by several authors (see for example, [1, 2, 4, 7, 9] ).
The invariance of the constructed (para-) Kähler metric in L(S n+1 (c)) under the action of the isometric group of S n+1 (c) allows one to study geometric problems in the base manifold S n+1 (c) by studying its space of oriented geodesics. For example, the set of all oriented geodesics orthogonal (called as the Gauss map) to a hypersurface in S n+1 (c) corresponds to a Lagrangian submanifold in L(S n+1 (c)), with respect to the canonical symplectic structure Ω (see [1] ). In particular, G 0 -flat Lagrangian surfaces in L(S 3 (c)) are the Gauss map of Weingarten surfaces in S 3 (c)), i.e. its principal curvatures are functionally related. If L(S n+1 (c)) is equipped with the (para-) Kähler Einstein structure, then every Lagrangian submanifold admits a Lagrangian angle, that is, its corresponding Maslov 1-form is closed. This is generally true for any (para-) Kähler Einstein manifold. It is natural then to ask whether the converse is true, i.e. considering a (para-) Kähler manifold (M 2n , g, J, ω) such that every Lagrangian submanifold has closed Maslov 1-form, can we conclude that g is Einstein?
In this article, we show that the converse is not true. In particular, we construct a para-Kähler (non-Einstein) structure (G, J , Ω), where G, J and Ω are respectively the metric, the paracomplex structure and the canonical symplectic structure in L(S n+1 (c)) such that all Lagrangian submanifolds have closed Maslov 1-form. About the metric G we first show the following: It is proved in [5] that (L(S 3 (0)), G 0 ) is minimally isometrically embedded in the tangent bundle (T S 3 (0), G), where G is a neutral, scalar flat and locally conformally flat metric. The following theorem provides a similar result for the hyperbolic case:
The reason why Theorem 2 works for any dimension, while in the Euclidean case it only works for n = 2, is because L(H n+1 ) admits invariant (para-) Kähler structures for any n. The space L(R 3 ) of oriented lines in R n+1 admits an invariant (para-)
Kähler structure only when n = 3 and 7 (see [9] ). On the other hand, there is no similar result for the spherical cases since the spheres are not Hadamard and therefore the embedding f is not well-defined.
A curve in L(S 3 (c)) corresponds to a 1-parameter family of oriented geodesics, i.e. it corresponds to a ruled surface in the real space form S 3 (c). The following theorem characterises the G-geodesics: A Lagrangian submanifold of a symplectic manifold (M 2n , ω) is a submanifold Σ n of half dimension whose symplectic structure ω induced on Σ n vanishes. It is already known that the Gauss map of any hypersurface in S 3 (c) is a Lagrangian submanifold of (L(S 3 (c)), Ω) where Ω := G(J ., .) is the canonical symplectic structure. The following theorem describes all Lagrangian submanifolds that are minimal:
is of constant Gaussian curvature if and only if the Gauss map of Σ is a minimal Lagrangian submanifold of
A non-flat point here we mean that the product of all principal curvatures is nonzero, i.e. the Gaussian curvature is non-zero. Theorem 4, shows that for n = 2, the metrics G and G 0 are not isometric since they have different minimal surfaces. In particular, the only G 0 -minimal Lagrangian surfaces in L(S 3 (c)) is the Gauss map of an equidistant tube along a geodesic, which is flat (see [1, 3] ).
Additionally, the fact that all Lagrangian submanifolds admit a Lagrangian angle, implies that the converse of the question stated before, does not hold since G is not Einstein.
Let (M, ω) be a symplectic manifold and f : Σ → M be a Lagrangian submanifold. A vector field X along Σ is said to be Hamiltonian if the one form f
If it is also given a (para-) Kähler structure (J, g, ω) on M, then a normal variation (f t ) of the Lagrangian submanifold Σ is Hamiltonian if df dt | t=0 = J∇u, where J is the (para-) complex structure and ∇u is the gradient of the smooth function u defined on Σ. A Hamiltonian minimal submanifold is a Lagrangian submanifold that is a critical point of the volume functional with respect to Hamiltonian variations. The first variation formula of the volume functional implies that a Hamiltonian minimal submanifold is characterised by the equation divJH = 0, where H denotes the mean curvature vector of Σ and div is the divergence operator with respect to the induced metric (for more details, see [11] and [12] ). It is proved in [6] and [10] that smooth one-parameter deformations of a submanifold in S n+1 (c)) induce
Hamiltonian deformations of the corresponding Gauss map in (L(S n+1 (c)), Ω). We then have the following:
, Ω) if and only if φ is a critical point of the functional
where K denotes the Gaussian curvature of φ.
A canonical para Kähler structure
Let S n+1 (c) be the real space form of constant sectional curvature c ∈ {−1, 1}. Then, let H n+1 = S n+1 (−1) be the hyperbolic (n + 1)-dimensional space defined by:
where
n+1 and S n+1 = S n+1 (1) be the (n + 1)-dimensional sphere defined by:
. Let g be the flat metric ., . c induced in S n+1 (c) via the inclusion map. The space of oriented geodesics in S n+1 (c) is identified with the Grassmannian of oriented two-planes of R n+2 , i.e.,
Every tangent vector in T x∧y L(S n+1 (c)) can be written as:
is equipped with the Einstein metric G e = ι * ., . c where,
and ., . c is the flat metric in Λ 2 (R n+1 ):
For the hyperbolic case (c = −1), fixing a point p ∈ R n+2 , every oriented geodesic γ = γ(t), with t being its arc-length, can be identified with the pair (γ(t 0 ), γ ′ (t 0 )), where γ(t 0 ) is the closest point of γ to p and, γ ′ (t 0 ) is its velocity. When p is the origin, it is not hard to see that γ(t 0 ), γ ′ (t 0 ) 1 = 0.
In this article, when we write the oriented geodesic γ as the oriented plane x ∧ y we mean that x, y 1 = 0.
Proposition 1. The following embedding is well defined:
Proof. Indeed, let z ∧ w ∈ L(H n+1 ) be such that z ∧ w = x ∧ y, where x, y 1 = z, w 1 = 0. Then
for some real t. Note that x, y 1 = 0 and thus we have that y 0 = 0. The fact that y, y −1 = −1 implies y, y 1 = 1. From z, w 1 = 0, we then have,
which yields, (|x| 2 1 + 1) sinh t cosh t = 0, Thus, t = 0 and substituting this in (2), we finally get (x, −y) = (z, −w), which means that f (x ∧ y) = f (z ∧ w).
We now use the embedding f to define a new geometric structure on L(H n+1 ). To do this, consider the neutral metric G on T H n+1 :
, and g is the metric ., . −1 induced by the inclusion map i : H n+1 ֒→ R n+2 . For more details about this metric, see [5] and [8] .
Let G be the metric
Proposition 2. The metrics G and G e share the same Levi-Civita connection.
Proof. Let x, y, e 1 , . . . e n be an orthonormal frame of R n+2 , and define the vector
by:
Then D E i J e = J e D E i , which shows that J e is D-parallel and therefore integrable.
We also have that J e is symmetric with respect to G 0 , i.e.
which implies
Consider the following Lemma: 
From (4), we have G = G e (., J e .), and the proposition then follows.
Considering the (n + 1)-dimensional real space form S n+1 (c) and defining the almost (para-)complex structure J e by
which is given by (3). It is easily shown that, G is D and J e symmetric and therefore G and G e share the same Levi-Civita connection.
The following theorem explores the curvature of G: Proof. Consider the frame E i used previously, where again i = 1, . . . , n, then J e E i = cE n+i and J e E n+i = E i . Let R and Ric be the Riemann curvature and Ricci tensor respectively of G. Since the metrics G and G e have the same Levi-Civita connection then R = R, where R is the Riemann curvature tensor of G e . Then, G(R(., .)., .) = G e (R(., .)., J e .) = G e (R(., .)., J e .)
For i, j = 1, . . . , n we have,
and therefore the inverse matrix has coefficients
Using the fact that G ij e = cG n+i,n+j e = δ ij and G i,n+j e = 0, we then have
where Ric is the Ricci tensor of G e . Now, G e is an Einstein metric with scalar curvature S = 2cn 2 (for more details, see [1] ). Then
That means,
which implies,
and thus, G is non-Einstein. If S denotes the scalar curvature of G then,
We now proceed with the proof of the second part of the theorem. Since G is scalar flat, the Weyl tensor W is given by
where • denotes the Kulkarni-Nomizu product in symmetric 2-tensors. Now,
which is zero if and only if n = 2. Similarly, one can prove the same for the other coefficients of the Weyl tensor.
Finally, for the hyperbolic case (c = −1), we show the following:
Proof. The derivative of f is given by:
Note that X = D Y y and if D denotes the Levi-Civita connection of G, we have
which implies that the second fundamental form h f is given by
Recalling the basis (E 1 , . . . E 2n ) of T x∧y L(S n+1 (c)), the mean curvature H f of f is
which shows that f is minimal.
Considering the following almost para-complex structure J in L(S n+1 (c)):
we then have:
(1) J is compatible with G. Namely,
(2) J is integrable, i.e., DJ = J D. In fact,
and the claim follows from
Define the symplectic 2-form Ω in L(S n+1 ) by Ω = G(J ., .).
In particular,
Then the quadruple (L(S n+1 (c)), G, J , Ω) form a para-Kähler structure, so that the symplectic structure is the same with symplectic structure defined by the (para-) Kähler structure (L(S n+1 (c)), G e , J e ), since Ω = G e (J e ., .).
The latter (para-) Kähler structure has been widely studied in [1] , [4] and [7] . Every isometry φ : S n+1 (c) → S n+1 (c), can be extended to a linear orthogonal transformationφ in R n+2 restricted into S n+1 (c). This induces a mapping F in the space of oriented geodesics defined by
The derivative of F is
Using now the fact that X, Y ∈ (x ∧ y) ⊥ (see [1] ), we have that X ∈ T x S n+1 (c) and thus,
We now have
, which shows the following: Proposition 3. The metric G is invariant under the group action of the isometry group of (S n+1 (c), g) in the space of oriented geodesics L(S n+1 (c)).
Geodesics
We now study geodesics in (L(S n+1 (c)), G). We start with the following proposition:
Proof. We prove the proposition for c = 1, as the proof is similar for c = −1. Denote by ∇ the flat connection of Λ 2 R n+2 and D the Levi-Civita connection of g. Then
If D is the Levi-Civita connection of G, we then have:
Suppose γ is a G-geodesic. Then Dẋẋ = ay and D 2 x y + ẋ, y 1ẋ = by, for some functions a = a(t), b = b(t) along the curve x = x(t). Assuming t is the arc-length of the curve x, it follows that 0 = g(Dẋẋ,ẋ) = ag(ẋ, y).
If a = 0 at in some open interval, then obviously we have that g(ẋ, y) = 0. Assuming a = 0 in an open interval, we have that x is a geodesic at in that interval. Note thatẋ, y are linearly independent, since otherwise it can be shown that y = ±ẋ and therefore the curve γ(t) = ±x ∧ẋ is not regular.
Let x,ẋ, y, e 1 , . . . e n−1 be a frame of R n+2 such that g(e i , e j ) = δ ij and set c 0 = g(Dẋy,ẋ) with c k = g(Dẋy, e k ). Now, g(Dẋy, Dẋy) =
x y, y), and therefore
On the other hand
where, Λ ∈ span{e 1 , . . . , e n−1 }. Theṅ
and Λ = 0. In particular, for every k = 1, . . . , n − 1, we havė
Thus, It follows g(ẋ, y) is constant and therefore g(ẋ, Dẋy) = 0. Therefore, c 0 = 0 since c 0 = g(Dẋy,ẋ). But 0 =ċ 0 = −g(ẋ, y) and the proposition follows.
, corresponds to a ruled surface in S n+1 (c) and such a surface, can be parametrised by
where,
For n = 2, we show the following:
) is a geodesic if and only if the corresponding ruled surface in
Proof. We know thatẋ, y are linearly independent and let, {x,ẋ, y, e 1 } be an orthonormal frame of R 4 , ., . ) along the curve x = x(t). The corresponding ruled surface, parametrised by (5), has normal vector fields N, where:
with c 1 = Dẋy, e 1 c . Now
If h is the second fundamental form of X, we then have
If H is the mean curvature and t ij be the induced metric X * g, we have that t tθ = 0. Therefore
Thus, using the previous proposition
It would be interesting to know whether the Theorem 3 can be extended for any dimension, we therefore conjecture the following: 
Lagrangian submanifolds
Let φ : Σ n → S n+1 (c), be an immersed, orientable hypersurface and N be the unit normal vector field along Σ. The Gauss map
defines a Lagrangian immersion in L(S n+1 )(c) with respect to the symplectic structure Ω. In the other hand, any Lagrangian immersion in L(S n+1 (c)) is locally the Gauss map of a hypersurface in S n+1 (c)) and hence, it is immersed by a mapping Φ (for more details, see Theorem 3 of [1] ).
Identifying any vector field X in Σ with the derivative dφ(X), we havē 
Proof. Let Φ be the Gauss map of a smooth immersion of φ of the n-dimensional manifold Σ in S n+1 (c) and let (e 1 , . . . , e n ) be an orthonormal frame, with respect to the induced metric φ * g, such that
where A denotes the shape operator of φ. Let (φ t ) t∈(−t 0 ,t 0 ) be a smooth variation of φ and (Φ t ) be the corresponded variation of the Gauss map Φ. It has been proved in [6] and [10] that (Φ t ) is a Hamiltonian variation. Also the converse is true, i.e. Hamiltonian variations in L(S n+1 (c)) are the Gauss maps of smooth variations in S n+1 (c) ( [1] ). We extend all extrinsic geometric quantities such as the shape operator A, the principal directions e i and the principal curvatures k i to the 1-parameter family of immersions (φ t ). Using (6), the induced metric Φ * t G is given by Φ * t G = diag 2k 1 , . . . , 2k n . For every sufficiently small t > 0, the volume of every Gauss map Φ t , with respect to the metric G, is Vol(Φ t ) = Σ | det Φ * t G|dV = 2 n/2 F (φ t ).
If φ is a critical point of the functional F , we have ∂ t (Vol(Φ t ))| t=0 = 0, for any Hamiltonian variation of Φ. Therefore, Φ is a Hamiltonian minimal submanifold with respect to the para-Kähler structure (G, J ). The converse follows directly from (8) .
A consequence of Theorem 5 is the following corollary:
Corollary 1. Suppose that a non-flat submanifold Σ in S n+1 (c) satisfies the condition
e i e i ( |K|)
where e i are the principal directions with corresponding principal curvatures k i and K is the Gaussian curvature. Then Σ is a critical point of the functional F .
Proof. Consider the Gauss map Φ of a hypersurface Σ in S n+1 (c) immersed by φ satisfying (9) . Using the Theorem 5, we only need to show that Φ is Hamiltonian minimal. If H denotes the mean curvature vector field of Φ then (7) yields n div(J H) = ∆ log |K| −1/2 , where div and ∆ are respectively the divergence operator and the Laplacian of Φ * G (which is given by (6)). It is not hard for one to confirm that
e i e i ( |K|) k i , and the corollary follows.
